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Suppose there are n ceo^raphlt -il locations w^iert- an organization 

requires varying levels of a ret-jarc*  (na.:pover, fuel, equlpoent). 

Toe requirements for this resource are assumed to change as sudden demands 

for the r«»curce brought about by changing economic, political, or natural 

condition* are created.  For example, natural disasters auch aa floods 

nay create a need for certain types of rescue equipment at various flood 

locations*  To aatiafy the needs at any one location, the resource may 

be obtained locally or from any other locations wheiv- availability exist** 

Tfcere are limitations on the magnitudes of the resource which nu,y be trans- 

ported frcm location i to location J <,  These limitations depend on 

the allowable time t for reallocatlon to -ake place as well a3 the dis- 

tance between locations,. In the present problem,  t is fixed and given 

oo that the llmitationa are giv«n constants* 

Vfe shall consider several types of objective functions (to be dls- 

•luared bel'jw) which VA wish to partially associate with the degree of 

unreadiness of tise system*  That la, we consider several different 

measures cf unreadiness and investigate hew the optimal reullocation 

changes with thesa measures,.  In add!tier to the costs incurred ao a 

result of unreadiness, we a*sume that thn physical process of realloca- 

tlon also results in transportation costs*  The weighted siui of these two 

typ«s of costs will constitut* Vie  objective function* In each ct.se, 

it i* assumed that ending up vlfn  more of a resource than required at. a 
• 

location does not result in any benefkit.    Also the problem is deterministic 

and contains no stochastic elements. . r—TfTonT 

Preceding page blank 





Definitions 

La: 

x...   a the aoount of the resource to be transported from 

location 1 to location J 

y. »  the final level of the resource at location J 

c. ,   =• the cost of transporting one unit of the resource from 

location i to location J ; c.. i 0 , 

a.    =» the initial availability of the resource at location i; 

a. > 0 . 

R (t) =» the requirement of the resource by time t at location 
J 

i  5 S-(t) »P. iO , where t is assumed fixed, 

M. .(t) =» the maximum allowable magnitude of the resource that 

can be shipped from 1 to J in an Interval of 

length t .     "i-jf*) c Mii * ° • 

lc.    •-» the relative importance of location j insofar as 

resource insufficiency at that location is concerned,, 

The greater k. , the more critical an insufficiency at 

location J ; k 2 0 . 

It is assumed that 

n       n 

>  R > ) a, . 

J-l     i«l 

Droduced  Irom 
Problem Formula** co l^eii_j^!l^_i?^- 

The problem to be solved can be set up In a transportation type 

format where each location is considered as both an origin and dentlnation, 

The cr.tjstralnts state that the omv/unt of product to be sent froo location 



1    cannot exceed    a.   ,   the amount received by any location la equal to 

y.  ,  where    y.    cannot exceed    Si.    and the amount shipped from any 

location to any other la limited by the   M.. .,    Thus, we obtain: 

(1)     Kin z - f(^,yj) + 2,  y C
IJ

X
IJ 

i   J 
o 
y    x. . £ a.   ; 1 =» 1 ...n 

i»i 

n 

I   *1J a yJ  J  J " *» 
1»1 

y4 iH.    J =* 1 ..«n 

*1J**1J a*1'* 

x41 a 0 ,  all   i,J  ; y. 2 0 J - 1,  ...n, 

Itoe objective will be referred to aa the unreadineoo function and 

wo shall consider and discuss several different mathematical forms of 

this function.    Mote that the    y.    are problem variables,.    If we take a 

linear objective function of the form 

n n     n 

z -•    \     k.,(R,-y.,) +     >       >     c. .x. .     it will be seen that the problem 

J-l i-1 J-l 

can be reduced to a standard capacitated transportation problem.. 

Let    u. - R. - y. .     Then (l) become*: 

'2) mnz.£   kjV£     lSJ 
n      n 

* J~U 
.1-1 1-1 J-l 
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a 

J-l 

D 

I    XiJ+UjaRJ        J   -1'    —n 

1-1 

XiJ   * MiJ 

Xijl0'U1i0 

If the u. are considered ao the amounts shipped from an additional 

fictitious origin then the problem can be considered as one where tbe un- 

readiness costs (the k.) arc associated with shipping from the additional 

origin, If the availability at thie origin Is considered •>;•> be a. . . 

n 

whore a . may be .set equal to some large value ( ) H. will do) , 

then an additional origin constraint of the form 

n 

L     J   nfl 
J-l 

puts the prjblem inU. a format with    n <- 1   origin constraints and    n 

destination constraints     frie problem cay be interpreted inoofar as un- 

readiness la concerned,  as one where we wish to avoid shipping from 

n 

origin (n+1) as much as possible.    If the      ) x. . •» 8,    then the requlre- 

lal n 

nent at    J    can be met without unreadiness penalty.     If   )    x, . < K.  , 

i=»l 

then a penalty due to unreadiness Is incurred at location    J u    Or, 

one may state the problem as one where unreadiness costs are only associated 
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with    ulatk   variables In tfcc destination constraints wiien the. problem 

la cast in the form: 

n+1    n 

(3)      mn   I    I   CidXiJ 
i-1 J=-l 

subject to: 

n 

) x. . < a.  , 1 • 1,  .o« n+1 

n+1 

) Xt   J      ^    " 4     >      J     °    -*->      OO"      O     • 

XiJ     S   M1J 

xiO      i * 1,   .»o n + 1  ;  j a lj   •*„   ne 

and where    Cft>1J - k^ . 

To finally state the problem iu the standard transportation format, 

consider an additional fictitious destination such that the slack variables 

of the origin constraints represent the amounts of the resource shipped to 

this destination^    Call the slack variables    x,       ,    where    i = l,..cn+l „ i,n+l 

Then the problem becomes 

n+1 m-1 

i«l J»l 

subject to: 

n+1 

/    Xi1 " &i '  * " -^^..n+l 



a>l 
v L   *lj " *j ' J 

i-1 

-    1,2, , ,,Df) 

0i»u<MlJ anl-J 

In this problem, a   » \ 8, 

n+1 

1=1    J=l 

n n+1 n>l 

V a. (ao  that Y a. - )    R.) 
_, 1 <_. l _  j 

i=l 1-1 i-\ 

Also the MJJ =» Mlo («j*B.) so that if R, < a. location J will only 

end up with R. , vhereae if R1 i a. , the entire availability ca* remain 

Since the x.. represent shipping from a location to itsolf, we shall 

assume that c.. = 0 . Also, we take I.    .   . • H. so that If necessary, 

up to B. units will be sent to destination J  from origin T,: 1 ; and 

M. • . » a. «. Finally C.  - - 0, 1 • 1, ...n+1 . 

Assuming that a feasible solution exists, the above problem can be 

solved aa a capacitated transportation problem with nvl origins and 

ml destinations., u  c 

When the objective ie in the form z a Max D£.(R.-y,)] • )  ) c..x.^ , 
*        J    3    j (_•     ^   ij ij 

1«1 >1 

wt> can convert the problem to a linear program,  but not a transportation 

problem by noting that 

n     n 

J 1-1   JmJ. 

After making the transformation   u. » 8. • y     as before,  the 
j        J        J 

problem la equivalent to the following linear piogram: 

•r       • 
' ' 

•w.-«W«fl^ 
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. 

(3) Mln r 

a  n 

+ the other constraints of (2) . 

The above objective   Is often referred to u a nlnimax objective 

and can occur in curve fitting and regression problem* as well as in the 

present context. See TU] for example. 

With a quadratic objective of the form z • \  k.(R.-y.) 

J-l 
n  u 

+ )  ) c. .x. . , the problem may be solved as a quadratic program 

1»1 J-l 

after letting u. - R. - y. , since the quadratic form \    k.u. + 

J-l 
n  n 

)     \    ~.x*.    is positive definite (k., c.. > 0 and the form cannot 

1-1 J»l 

have the value zero since a. < R.) . Wolfe's method for quadratic 

programming is a convenient procedure to use [h~\  . 

It should be noted that with the min-max objective and the quad- 

ratic, the problem can be solved via simplex tableau*. The min-max problem 

requires n additional constraints above the n+1 origin and n>i destina* 

tion constraints where n - the number of locations. The quadratic problem, 
g 

via the Wolfe technique requires (n<-l)  additional constraints, corres- 

ponding to the number of variables in the problem with IK-1 origins and 

n+1 destinations. 

. 
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Objective Function 

The objective function ii one which transform! tho coat of un- 

readiness into costs associated with transportation and assumes such a 

cost is additive to the transportation costs. The great difficulty of 

such a procedure is of course in developing meaningful empirical pro* 

cedures for such a transformation. If we consider that the objective 

functions represent a disutility to the organization then we are assuming 

that the disutility due to unreadiness is additive to that of transport- 

ation coat. We ore here essentially dealing with the problem of decision 

making with respect to multiple objectives and encounter t!ie usual difficult- 

ies when doing so, See PL] for examples.. 

In the context of the present problem, we consider the disutility 

due to unreadiness to be the major concern and include the transportation 

• 

costs because the formulatiou is more- general, no difficulties ore added 

to the problem in solution, and because such costs may in fact Influence 

the optimal reallocatlcm if some of them are sufficiently large. How- 

ever, the problem can also be considered with all c. . =» 0 so that the 

unreadiness disutility is the only consideration,. 

The linear objective function for unreadiness assumes that the 

overall unreadiness is measured as a weighted sum of the Insufficiencies 

in the supply of the resource, the weight taken over the different geo- 

graphical locations. The weights may be normalized and could be estimated 

by a variety of techniques relating to the problem of decision making with 

respect to multiple criteria* In essence, we ore assuming that the 

organization has an additive linear disutility function with respect to 

resource insufficiencies,. 
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With the objective function which minimize! the maximum in- 

sufficiency, the measure of unreadiness is related to the worst possible 

insufficiency and is essentially a "conservative" criterion* For any 

optimum solution to this problem, the average insufficiency taken over locations 

will .1 i general bo expected to be greater than with the previouu criterion. 

With the quadratic unreadiness objective, the measure of course 

penalizes locations more severely for insufficiencies > 1 than does tbe 

linear function. Here again the assumption is of an udditlve utility 

function taken over locations 

Much of which type of objective, of the three discussed, as well 

as others, will of course depend on the nature of the resource and hew 

it is combined or used with other resources. Resources such as aircraft 

fuel may, in short supply, penalize short run operations much more 

severely than resources such as certain food items,, 3n the latter 

:asc the min-max objective might be more appropriate since we might 

be interested in the shortage of such resources not getting out of 

"control" anywhere and trying to keep the worst possible shortage as low 

as possible. 

Extension to Multiple Resources _ 

If we assume that a simultaneous shortage of two or more resources 

affect the ability of the organization to carry out its mission to an 

extent greater than or equal to that of one resource, tfcen we can postulate 

f      I a variety o' models for describing this simultaneous shortage,, 
I 

Much wi 11 depend on how the resources interact with each other in 
I 

carrying out functions,,  Thus, certain levels of pilots and airplane 
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shortages Gimultaneovuly may not affect the readiness much more than the 

given shortage level of Just one of these Whereas corresponding shortages 

of pilots and A8W equipment may affect the readiness of a unit in an 

additive manner. . 

An additive situation would seem appropriate vhen the resources 

in Question were used for what may he termed "independent" missions 

where the resources needed for one mi onion are unrelated to thoee needed 

for the others. Of course in a real sense no two missions of an organ- 

isation during a particular period of time are truly independent.,  How- 

ever, If the additive model seems appropriate, the problem could bo 

handled by including another summation in the objective function over 

resources and adding additional constraints for each resource.. Thus, 

the form of the objective function for the linear unreadiness model 

would be: 

g  n q  n  n 

Mln ,. I    l^  (Ry-y£j) + I    I  ,j c1JxXlJ£ 
i-1 J-l Jt-1 1-1 J-l 

where there are    q    resources,  and where the subscript    I   refers to the 

It th resource. 

lfon-addltlvo situations would Involve certain non linearities in 

formulation and are beyond the scope of this paper. 

Example 

We shall illustrate the solution for the linear objective function 

with an example. Consider the following roallocatlon problem with three 

locations, set up in a tableau format as follow*: . 

>\ 
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Locatl • n 1 2 i ai 

1 
0 

J* 
0.01 

2 
0.02 

2 
k 

2 
0.02 

T 

0 

6 

0.02 

1 C 

3 
C.02 

1 

0.01 

1 

0 

7 
7 

RJ <1 b 8 Ea - 17 

kJ 0.U 0.3 0.2 m. - 22 

The numbers in the upper left of each oell of the 3x3 location 

matrix indicate the transportation costs while those in the lower right 

indicate the cayaoity of each route i.e.  C-2 - 0.01, xl2 4 2 .  The 

overall requirement is for 22 units whereas the overall availability is 

17. 

We shall solve the problem using tJie primal-dual method for the 

capacitated transportatlr« problem and the notation and tableau format 

of Hadley [?] „ 

The problem requires 6 tableaus for solution. They are shown in the 

Appendix. The optimal minimum cost solution is found by transporting one 

unit from location three to locaticwi one and one unit from location three 

to location two.  The optimal redeployment can be read off the final 

tableau reproduced beluw.  The values in the circles of the fourth row 

calls (Oh)  corresponding to the fictitious origin, show the final 

daficiencies at each location ie. EL - y. • 1, JU - y2 » 1, R~ - y, = 3 

(The 17 is the excess going to the  fictitious destination).  The values in 

the circles on the off-diagonal elements indicate the redeployments. 

In this problem the value of the objective function is z 
mln 1.33. 

R' 
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